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Abstract. Comparison of 3-dimensional protein folds is a core problem
in molecular biology. The Contact Map Overlap (CMO) scheme provides
one of the most common measures for protein structure similarity. Max-
imizing CMO is, however, NP-hard. To approximately solve CMO, we
combine softassign and dynamic programming. Softassign approximately
solves the maximum common subgraph (MCS) problem. Dynamic pro-
gramming converts the MCS solution to a solution of the CMO prob-
lem. We present and discuss experiments using proteins with up to 1500
residues. The results indicate that the proposed method is extremely fast
compared to other methods, scales well with increasing problem size, and
is useful for comparing similar protein structures.

1 Introduction

Solutions to the problem of comparing protein structures are important in struc-
tural genomics for (i) protein function determination and drug design, (ii) fold
prediction, and (iii) protein clustering [I]. For this, various methods have been
devised. The most common are (i) RMSD [12], (ii) Distance Map Similarity [10],
and (iii) Contact Map Overlap (CMO) [56]. Here, we focus on the CMO scheme.

To structurally compare two proteins using CMO, we first derive contact maps
of each protein under consideration. A contact map consists of an ordered set of
vertices representing the residues of a protein and of contacts (edges) connecting
two vertices if the corresponding residues are geometrically close. The order of
the vertices corresponds to the sequence order of the residues. Maximizing the
CMO of both proteins aims at finding an order preserving alignment of both
contact maps such that the number of common contacts is maximized.

CMO is NP-hard [8] and also hard to approximate [9]. The exponential time
complexity initiated ongoing research on devising solutions to the CMO problem.
Most methods employ discrete optimization techniques [1L2}[3[13,T4T718] and
have been typically applied in a systematic way only to small-sized proteins with
up to = 250 residues.

In this paper, we suggest an approach with the following characteristics:

— The major tool of the proposed algorithm is based on nonlinear continuous

rather than discrete optimization techniques.
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— The proposed algorithm provides good suboptimal solutions for similar pro-
tein structures.

— The proposed algorithm is fast and scales well with problem size. Proteins
with about 1500 residues can be aligned in less than 1.5 minutes on a Athlon
64 32000+ processor with 2 GHz. Comparable results have not been reported
in the literature so far.

The proposed approach applies the softassign algorithm developed by [711] for
solving a related problem, the maximum common subgraph (MCS) problem. The
MCS problem asks for the maximum number of common contacts without con-
sidering the sequence order of the contact maps. To convert the MCS solution of
softassign to a feasible solution for CMO, we enhance softassign with a problem-
dependent objective function and a dynamic programming post-processing pro-
cedure. In experiments using real proteins form the protein database (PDB), we
investigated the behavior and performance of the modified softassign approach.

The rest of this paper is organized as follows: Section 2 introduces the CMO
problem. In Section 3, we describe the proposed algorithm. Section 4 presents
and discusses the results. Finally, Section 5 concludes with a summary of the
main results and an outlook for further research.

2 Problem Statement

A contact map is an undirected graph X = (V, E) consisting of an ordered set
V ={1,...n} of vertices and a set E C V? of edges. Vertices represent residues
of a folded protein and edges the contacts between the corresponding residues.
The vertex set of X is also referred to as V(X)) and its edge set as E(X). As
usual, the adjacency matrix X = (z;;) of X is defined by

L1 i) € B(X)
710 : otherwise ‘

Our goal is to structurally align two contact maps X and Y. For this, we ask
for a partial vertex mapping

6 V(X) = V(Y), i

that maximizes some criterion function subject to certain constraints. In the
following we specify both, the criterion function and the constraints.

A common or shared contact aligned by ¢ is a pair of edges (i,j) € E(X) and
(r,s) € E(Y) such that (r,s) = (i?,j%). The criterion function to be maximized
is of the form

f(p) = Z TijYieje, (1)
i,jE€dom(¢)

where dom(¢) denotes the domain of the partial mapping ¢. The terms x;;y;s
are either one or zero. We have x;;y;s,0 = 1 if, and only if (i, j) and (i?, j*) are
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common contacts. Hence, f(¢) counts the number of common contacts aligned
by a feasible mapping ¢.

The first constraint is that the partial mappings are injective. Let IT(X,Y")
denote the set of all injective partial mapping from V(X) to V(Y'). Then the
mazimum common subgraph (MCS) problem is the problem of maximizing f(¢)
subject to ¢ € II(X,Y).

The second constraint demands that a mapping ¢ from IT(X,Y’) preserves
the order of the vertices. A mapping is order-preserving if

i<j = i®<j?

for all 4,5 € V(X). By I"(X,Y) C II(X,Y) we denote the subset of order-
preserving mappings. The mazimum contact map overlap problem is the problem
of maximizing f(¢) subject to ¢ € II'"(X,Y). Thus, the CMO problem can be
derived from the MCS problem by additionally imposing the order-preserving
constraint.

3 Joining Softassign and Dynamic Programming

Our algorithm proceeds in two stages: In the first stage, we ignore the order-
preserving constraint and approximately solve the MCS problem. The second
stage converts the solution of the first stage to a feasible solution of CMO.

The main challenge is to find an approximate solution of the MCS problem in
the first stage, which is close to a good solution of the CMO problem. To tackle
this problem, the algorithm consists of three components:

— The Softassign Algorithm. In the first stage, we use softassign [711], one
of the most powerful method for approximately solving the MCS problem.

— Dynamic Programming. The second stage takes the output of softassign
as input and converts it to a feasible solution of the CMO problem using a
dynamic programming approach. Dynamic programming yields an optimal
solution given the output of softassign.

— Compatibility function. The compatibility function provides the crucial
link between the first and second stage of the algorithm. It aims at reshaping
the objective function of the MCS problem such that good local optima
correspond to good solutions of the CMO problem.

In the following, we describe each component of the algorithm separately.

3.1 The Softassign Algorithm

Softassign minimizes a continuous quadratic formulation of the MCS problem.
Section 3.1.1 presents the quadratic program and in Section 3.1.2, we describe
the softassign algorithm. For a detailed presentation of softassign, we refer to [7].

In the following, we assume that X and Y are contact maps consisting of n
and m vertices, respectively.
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A Continuous Quadratic Program for the MCS Problem. To present a
quadratic formulation of the MCS problem, we encode the partial vertex map-
pings as match matrices. Let ¢ : V(X) — V(Y) be a mapping from II(X,Y).
Then the matrix representation of ¢ is a binary (n x m)-matrix My = (m;;)

with
e 1 =]
Y710 : otherwise

We may identify mappings ¢ from II(X,Y") with their associated matrices M 4.
Therefore, we also write M4 € II(X,Y") by abuse of notation.
Using match matrices, the constraint ¢ € II(X,Y) can be rewritten as

Sy <1, Viev(y) @
i=1
j=1
mi; € {0,1}, Vie V(X), VjeV(Y) (4)

Let cijrs = wi;y;s denote the compatibility of x;» and y;s. The quadratic
integer formulation of criterion function () is

n m m

E(M) = —; Zzzzmijmrscijrs~ (5)

n
i=1 j=1r=1s=1

Thus the MCS problem is equivalent to minimizing F(M) subject to the con-
straints (2))-(@).

We replace constraint (@) by
mi; € [0,1], Vie V(X), VjeV(Y). (6)

to obtain a continuous version of the quadratic integer program for the MCS
problem. Matrices satisfying constraints (2)), ([B]), and (@), are called doubly sto-
chastic.

Softassign. Softassign minimizes E(M) subject to the constraints (), ([B]), and
([6). The core of the algorithm implements a deterministic annealing process with
annealing parameter T' by the following iteration scheme

1 n m
mz(';+1) = a’ibj €xXp <_T Z Z m&?@jrs) ) (7)

r=1s=1

where ¢ denotes the time step. The scaling factors a;, b; computed by Sinkhorn’s
algorithm [16] enforce the constraints of a doubly stochastic matrix.

Algorithm 1 outlines the softassign algorithm (see [7]). To convert the in-
equality constraints (2)) and (B)), softassign uses slack variables by adding an
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extra row and column to the matrix M. By M = (m;;) we denote the aug-
mented (n + 1) x (m + 1)-matrix. The parameters Ty, Ty, and a describe the
annealing schedule. The annealing parameter 7" is initialized with Ty and grad-
ually lowered by of" until it reaches the final value Ty. The parameters Iy and
I; specify the maximum number of steps of the Assignment and Sinkhorn loop.

Algorithm 1. Softassign

1. Initialization: T «— Tp and Mm;; «— 1+¢
2. while T'> T} do
1. for to =1 to Iy do (Assignment Loop)
1. Qij aE/amU
2. mi; < exp(qi;/7T)
3. for t1 =1to I, do (Sinkhorn Loop)
1. T < Z;n;rll fﬁij

Since ¢;jrs = 1 if, and only if, (i,7) € E(X) and (j,s) € E(Y), the complexity
of softassign is O(|E(X)| - |E(Y)]).

3.2 Dynamic Programming

We use dynamic programming to convert the output M of softassign to a feasible
solution of the CMO problem, which is optimal with regard to M.

Generally, let W = (w;;) be a (n X m)-matrix with elements w;; € [0, 1]. The
dynamic programming approach maximizes the weight function

w(P) =Y wipi
i=1 j=1

subject to P = (p;;) € II'M(X,Y).

The main idea of dynamic programming is to use optimal solutions of sub-
problems to find an optimal solution of the overall problem. To describe the
subproblems, we need the notion of induced subgraph. Let Z be a graph and let
k < |V(Z)|. By Zi we denote the subgraph of Z induced by the first k vertices
from Z. The vertex and edge set of Zj are given by

V(Zy) ={1,...,k} CV(Z) and E(Z)=E(Z)NV(Z)*.
Let kK <n and I < m. The (k,1)-th subproblem maximizes

k l
W(P) = wipi

i=1 j=1

subject to P € II'" (X, Y}).
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The dynamic programming algorithm consists of two stages. In the first stage,
it converts the matrix W to a score matrix S = (sx;). The scores sg; correspond
to optimal solutions of the (k,1)-th subproblem with respect to Xy and Y;. In
the second stage, the algorithm selects in a backward process correspondences
with highest score such that all constraints of the CMO problem are satisfied.

The following algorithm outlines the procedure to construct a scoring matrix
S. The vector s* records the highest score for each column.

Algorithm 2. Scoring

1. Initialization: S =0 and s* =0
2. fori=1tondo
1. for j =1to m do
1. sij — wi; + max{sy,...,sj_1}
2. for j =1to mdo
1. s} «— max{s],si;}

The complexity of Algorithm 2 is O(nm). The matrix S has the property that
535 < sy for all i < k and j < I. We exploit this property in a backward process
to construct a feasible solution of the CMO problem.

Algorithm 3. Recover feasible Solution

1. Initialization: P =0

2. k+—m

3. for i =n to 1 do
1. k'« argmax;<p{si;}
2. Dik! 1
3. k—k —1

Without using a more sophisticated data structure the complexity of Algo-
rithm 3 is O(nm).

3.3 Compatibility Function

In its original formulation, softassign minimizes the objective function (&), where
the compatibilities are of the form c¢;;rs = 24ry;s. This choice of compatibilities
ignores the order-preserving constraint for each partial mapping {i — j,r +— s}
and may therefore result in a poor final solution for CMO.

Figure [ illustrates some of the problems using the original compatibilities.
Suppose that the MCS problem is the problem of maximizing an objective
fres(M) subject to M € IT(X,Y). For example, fyros(M) = —E(M), where
E(M) is the objective function (). Similarly, the COM problem is the problem
of maximizing some objective function fonro(P) subject to P € I (X,Y).
Figure [Tl shows that fi;cs has three maxima M, Mo, and M 3. Applying dy-
namic programming converts the local maxima M to feasible solutions P; of
the CMO problem. The following undesirable situations can occur:
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" modified MCS
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CMO
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I
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Fig. 1. Idealized example for illustrating the effects of compatibility values. The hori-
zontal axis represents the continuous search space. The vertical axis shows the values of
(fictive) objective functions to be maximized for the CMO, original MCS, and modified
MCS problem. The original MCS uses ¢;jrs = Tiry;s as compatibility values. The mod-
ified MCS uses more appropriate compatibility values for the CMO problem. Dynamic
programming (DP) transforms the local maxima M; of the original and modified MCS
problem to local maxima P; of the CMO problem.

= fmes(M1) = fucs(M2), but femo(P1) < femo(P2).
— fmes(M3) < fues(M;), but foao(P3) > fomo(P;) for i =1,2.

This observation suggests to define a compatibility function that reshapes the
objective function of MCS in a similar way as shown in Figure [

The second issue to take into account when constructing a suitable compatibil-
ity function is time complexity. The time complexity of softassign using modified
compatibility values is O(|C|), where C' = {(4, 4,7, ) : ¢ijrs # 0}. Thus, to keep
the time complexity low the number of nonzero values c;j,, should be small.
Therefore, we avoid penalties ¢;j,s < 0 for partial mappings {i — j,r — s} that
violate the constraints.

We suggest the following modified compatibility function:

1/(1+a‘riT_erD : (i,?") N(va)
Cijrs = /6 LT =Ths = 1 5
0 :  otherwise

where o and 3 are problem dependent parameters. The quantity ri; = |k — |
is the range of edge (k,l). The notion (i,7) ~ (j,s) means that the partial
mapping ¢ = {i — j,r — s} satisfies both constraints of the CMO problem,
that is ¢ € II'T(X,Y).

The modified compatibility function has the following characteristics:

— Since contact maps are sparse, most compatibility values are zero keeping
the time complexity of softassign low.

— Only feasible partial mappings ¢ = {i — j, 7 — s} and their direct neighbors
are positively weighted.
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— Common contacts with similar range are considered to be more compatible
to one another than common contacts with different range.

3.4 The SADP Algorithm: Assembling the Components

The SADP (Softassign and Dynamic Programming) procedure to approximately
solve the CMO problem operates as follows:

Algorithm 4. CMO Algorithm

. Define compatibility function

. Algorithm 1: M = softassign(X,Y)

. Algorithm 2: S = getScoreMatrix(M )
. Algorithm 3: P = getSolution(.S)

=W N

Note that for solving the CMO problem, it is not necessary to exactly meet
the constraints of a doubly stochastic matrix in Step 2. The task of softassign is
merely to return a useful weighted matrix that yields a good scoring in Step 3.
Therefore, we can terminate the Assignment and Sinkhorn loop after a maximum
number of iteration steps. Additionally, we terminate a loop prematurely when
the change of the previous and current match matrix is below a given threshold.

4 Experiments

To assess the performance, we applied SADP to three test problems. The algo-
rithm was implemented in Java using JDK 1.2. Whenever possible, we compared
SADP with a C implementation of the CAP algorithm proposed by Caprara and
Lancia [1} All experiments were run on a Linux PC with Athlon 64 32000+
processor (2.0 GHz CPU).

4.1 Sokol Test

In our first test series, we compared the performance of SADP against the fol-
lowing algorithms implemented in C:

Acronym Reference Platform

CAP Caprara & Lancia [I] Linux PC, Athlon 64 3200+, 2.0 GHz CPU
STR Strickland et al. [I7] SGI workstation, 200 MHz CPU
XIE Xie & Sahinidis [I8] Dell workstation, 3.0 GHz CPU

As test instances, we used the Sokol test set consisting of 11 alignment pairs
of small-size proteins compiled by [17].

! The implementation of cAp has been provided by Lancia. In all experiments, we
used the default parameter setting.
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Table 1. Results of the Sokol test set. The first column shows the proteins to be
structurally aligned. Columns 2-5 show the number of vertices and edges of the contact
maps. Column 6 with identifier fsipr shows the number of shared contacts found by
SADP. Column 7 with identifier f. shows the optimal solution found by CAP, STR,
and XIE. Columns with identifiers of the form tarc refer to the computation time
required by the respective algorithm ALG € {CAP, SADP, STR, XIE}. Computation times
are measured in seconds. Entries with value 0 (0.00) refer to computation times of less
than 1 (0.01) second.

XY VXOHEXVO)EX) fave foo boave torr s txs

3ebx-lera 48 52 48 49 31 31 0.08 1.88 236 0.72
1bpi-2knt 51 58 44 42 27 29 0.06 1.94 182 0.46
1knt-1bpi 43 43 51 58 28 30 0.06 1.47 110 0.38
6ebx-lera 35 34 48 49 19 20 0.04 1.11 101 0.73
2knt-5pti 44 42 47 52 25 28 0.05 1.08 95 0.32
1bpi-1knt 51 58 43 43 28 30 0.05 1.53 19 0.24
1bpi-bpti 51 58 47 52 41 42 0.05 0.88 30 0.29
1knt-2knt 43 43 44 42 39 39 0.03 0.00 0 0.15
1knt-5pti 43 43 47 52 26 28 0.05 1.16 46 0.57
lvii-Icph 20 19 12 9 6 6 0.00 0.02 0 0.00
3ebx-6ebx 48 52 35 34 27 28 0.04 0.18 6 0.12
Total: 297 311 0.51 11.24 825 3.98

Table [l summarizes the results. The results for STR and XIE are taken from
[18]. The cAP, STR, and XIE algorithm returned an optimal solution f, in all
11 trials giving a total of 311 common contacts. With 297 shared contacts, the
solution quality of SADP is in average about 95.5% to optimal.

A fair comparison of computation time is difficult, because the other three
algorithms were implemented in C and two of them (STR, XIE) were tested on
different platforms. The results indicate that SADP has the best time perfor-
mance. This indication will be approved for large-scale problems.

4.2 Experiment with Large-Scaled Data

The aim of our second test series is to evaluate the behavior and performance
of saDP for large-scaled data. A comparison of SADP against the other three
algorithms mentioned in the Sokol test is not possible because of time constraints.
For this reason, we designed a semi-synthetical evaluation procedure.

We randomly selected 21 proteins from PDB having 800 up to 1500 residues.
The corresponding contact maps have the following characteristics:

Vertices Edges
max min mean  std max min mean  std

1488 801 959.4 172.2 5273 2717 3287 604.1
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Fig. 2. Left: Average accuracy of SADP as a function of pge;. The upper curve shows
the average accuracy normalized by the lower bound |E(Y2)| and the lower curve is the
average accuracy normalized by |E(Y')|. Right: Computation time in sec as a function
of the mean (|V(X)|+ |V (Y)])/2 for each trial (X,Y).

Let X denote the set of all 21 selected contact maps. We structurally aligned
pairs (X,Y) of contact maps, where X is a contact map from X and Y is a
corrupted version of X . To create Y, we proceeded as follows: First, we randomly
deleted each vertex of X with probability pge;- Let Y7 denote the resulting contact
map. Next, we randomly deleted each edge from Y; with the same probability
Ppder and to obtain contact map Ys. In a last step, we randomly connected each
vertex with 10% probability to a randomly chosen vertex by an edge to obtain
the final corrupted version Y. For each contact map X € X and each parameter
pdel € {0.01,0.03,0.05, 0.1, 0.2, 0.3, 0.4, 0.5}, we generated 100 corrupted copies
Y giving a total of 20,000 trials. This setting allows us to assess the solution
quality of SADP: Given an alignment pair (X,Y"), we find that |E(Y2)] is a lower
bound of the maximum number of shared contacts, because Y5 is the contact
map after randomly removing edges from X. Hence, Y2 and X have |E(Y2)]
edges in common. In the final step we randomly add edges to Y5 to obtain Y.
Therefore X and Y share at least |E(Y2)| common edges.

Figure 2] shows the accuracy and computation time of SADP. From the left
plot of Figure 2] we see that the accuracy of softassign degrades with increasing
level of corruption. This observation is in accordance with [?] for the maximum
common subgraph problem. First attempts to improve this deficiency apply ker-
nelized comptatibiltiy functions [?]. Thus, in its current form, SADP is suitable
for problems, where detection of mid to high structural similarity between two
proteins is relevant.

The right plot of Figure 2] shows that the computation time of SADP is less
than 1.5 minutes for aligning the largest contacts maps of order ~ 1500. Aligning
contact maps of order ~ 800 took about 10-15 seconds. In contrast, we aborted
CAP applied on two contact maps of order =~ 800 after 5 days without obtaining
a result.
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Table 2. Protein domains of the Skolnick test set. Columns with identifier ID refer
to the index assigned to the domains; columns with identifier PDB refer to the PDB
code for the protein containing the domain; and columns with identifier CID refer to
the chain index of a protein. If a protein consists of a single chain, the corresponding
entry in the CID column is left empty. Note that the IDs differ from those used in [I4].

ID PDB CID ID PDB CID ID PDB CID ID PDB CID
1 1b00 A 11 4tmy B 21  2b3i A 31 1tri

2 1ldbw A 12 1rnl A 22 2pcy 32 3ypi A
3 1nat 13 1rnl B 23 2plt 33  8tim A
4 1ntr 14 1rnl C 24 lamk 34 lydv A
5 1gqmp A 15 1baw A 25 law2 A 35 1b71 A
6 1qmp B 16 1lbyo A 26 1b9%b A 36 1lbef A
7 1gmp C 17 1byo B 27 1btm A 37 1dps A
8 1lgqmp D 18  1kdi 28  1hti A 38 1ftha

9  3chy 19 1nin 29 1tmh A 39 lier

10 4tmy A 20 1pla 30  1tre A 40 1rcd

4.3 Skolnick Clustering Test

The aim of the Skolnick clustering test originally suggested by Skolnick and
described in [I4] is to classify 40 proteins into four families according to their
cluster membership. The protein domains are shown in Table[2l In the following,
we use their assigned indexes to refer to the respective domains.

Table [3] describes the protein domains and their families. Its fourth column
with identifier Seq. Sim. indicates that sequence alignment fails for clustering the
protein domains according to their family membership. This motivates structural
alignment for solving the Skolnick clustering test.

The contact maps of the domains were provided by [18] and differ slightly from
the ones compiled by [I4]. To cluster the Skolnick data, we used the similarity
measure [I§]

)~ 2(XY)
B(X)| +|E(Y)]

where fsapp(X,Y) denotes the number of shared contacts found by sADP.

Table 3. Protein domains of the Skolnick test set and their categories as taken from [IJ.
Shown are the characteristics of the four families, the mean number of residues, the
range of similarity obtained by sequence alignment and the identifiers of the protein
domains.

Family Style Residues Seq. Sim. Proteins
1 alpha-beta 124 15-30% 1-14
2 beta 99 35-90% 15-23
3 alpha-beta 250 30-90% 24-34
4 170 7-70% 35-40
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10 20 30 40

Fig. 3. Pairwise similarity matrix of the Skolnick clustering test. The color bars show
the gray-scaled shading for similarities in the range [0, 1]. Brighter shadings indicate
larger similarities and vice versa. We can identify five clusters.

Table 4. Descriptions of the clusters of proteins from the the Skolnick test. Fold,
family, and superfamily are according to SCOP.

Cluster Domains Fold Superfamily Family
1 1-8, 12-14 Flavodin-like Che Y-like Che Y-related
2 9-11 Microbial Microbial Fungi
ribonucleases ribonucleases ribonucleases
3 15-23  Cuperdoxin-like  Cuperdoxins Plastocyanim-like
Plastoazurin-like
4 24-34 TIM-beta Triosephosphate Triosephosphate
alpha-barrel isomerase (TIM) isomerase (TIM)
5 35-40 Ferritin-like Ferritin-like Ferritin

For 780 pairwise structural alignments, SADP required about 12 minutes.
Figure [Bl summarizes the results. The results indicate an agreement with the
SCOP categories as shown in Table @l Hence, SADP has sufficient discriminative
power to solve the Skolnick clustering test within a relatively short period of
time.

5 Conclusion

We proposed a continuous solution to the CMO problem combining softassign
with dynamic programming linked together via a problem dependent compati-
bility function. Experiments show that the proposed method is extremely fast
and well suited for similar protein structures, and therefore useful for solving
clustering tasks.

Since we have not thoroughly tested alternative compatibility functions, one
future research direction aims at constructing compatibility functions that im-
prove the performance of SADP, in particular for dissimilar pairs of contact maps.
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