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Markov models describing the evolution of the nucleotide substitution process, widely used in phylogeny reconstruction,
usually assume the hypotheses of stationarity and time reversibility. Although these models give meaningful results when
applied to biological data, it is not clear if the 2 assumptions mentioned above hold and, if not, how much sequence
evolution processes deviate from them. To this aim, we introduce 2 sets of indices that can be calculated from the
nucleotide distribution and the substitution rates. The stationarity indices (STIs) can be used to test the validity of the
equilibrium assumption. The irreversibility indices (IRIs) are derived from the Kolmogorov cycle conditions for time
reversibility and quantify the degree of nontime reversibility of a process. We have computed STIs and IRIs for the
evolutionary process of 2 lineages, Drosophila simulans and Homo sapiens. In the latter case, we use a modified form of
the indices that takes into account the CpG decay process. In both cases, we find statistically significant deviations from
the ideal case of a process that has reached stationarity and is time reversible.

Introduction

When studying a natural phenomenon, it is a well-
established and fruitful practice to disregard some of its
properties in order to get a simpler and neater mathematical
description. In the first stage, we can use physical and math-
ematical intuitions to decide what to incorporate and what
to eliminate from the description. But once a theory has
been laid out, it becomes important to go back to the as-
sumptions previously made and to test in a rigorous way
their validity in the phenomenon under study.

In computational evolutionary genomics, one example of
this simplification process can be found in the assumptions that
are made in the various Markov models of sequence evolution.
To be precise, by sequence evolution, we refer to the nucleotide
substitution process that leads to the divergence of the DNA
sequences of different species originating from a common an-
cestor. This process can reliably be described using a Markov
model (for the basic equations, see the Methods). However, out
of historical reasons and computational convenience, several
simplifications are usually made inside this framework. The
first model, the Jukes—Cantor model or simply JC69, had only
one free parameter (Jukes and Cantor 1969). The substitution
rate from one nucleotide to any other different nucleotide was
assumed to be the same regardless of the particular nucleotides.

A successive model was Kimura’s 2-parameter model,
also known as K80 (Kimura 1980). This model breaks the
complete symmetry present in the JC69, stating that nucleotide
evolution has 2 different classes of events. One class is that of
“transitions” in which a purine is exchanged with another
purine (i.e., A<> G) or a pyrimidine with another pyrimidine
(i.e., T<>C). The other class is the one of “transversions”
in which a purine is exchanged with a pyrimidine or vice
versa (8 possible events: A>T, A<~ C, G C, and G C).
This reflects biochemical knowledge because the 2 purines,
as well as the 2 pyrimidines, have similar chemical structure
so that transitions are more likely to happen than transversions.
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Other models followed that broke more symmetries in
the rate matrix: the F81 (Felsenstein 1981), the HKYS85
(Hasegawa et al. 1985), the T92 (Tamura 1992), and the
TNO93 (Tamura and Nei 1993). Eventually, with the formu-
lation of the general time-reversible (GTR) model (Lanave
et al. 1984; Tavaré 1986), it was realized that all the models
proposed so far (with the exception of the reverse comple-
ment symmetric [RCS] model which we will discuss in the
next section) were all sharing the symmetry under reversal
of time. Later on, several other extensions of these models
were introduced, including those which also describe
rate heterogeneities along the DNA sequence (Yang
1993; Tuffley and Steel 1998), but they still assume the val-
idity of the GTR model for the evolution of each single
nucleotide. For a review, see Lid and Goldman (1998).

It should be noted that models of nucleotide evolution
were developed long before genome sequences were avail-
able. Researchers had at their disposal the sequences of only
small portions of genomes, thus the scarcity of data forced
them to use models with as few parameters as possible. In
this context, assuming time reversibility and equilibrium in
Markov models of nucleotide substitution was an elegant
way of restricting the dimensionality of the parameter
space. Furthermore, in maximum likelihood calculations,
the possibility of rerooting the tree anywhere without af-
fecting the resulting likelihood (the so-called Felsenstein’s
“pulley principle” [Felsenstein 1981]) leads to an efficient
algorithm for calculating the branch lengths of a tree. This
speedup is extremely useful when searching the tree space
for the maximum likelihood tree.

But is the evolutionary process of nucleotide substitu-
tions really time reversible and in its stationary state? Mak-
ing such assumptions could cause some important features
of genome evolution to be overlooked. If the genome is
always in its equilibrium state during evolution, quantities
like the average GC content would not evolve in time. How-
ever, it was shown by Arndt and Hwa (2005) that, for
example, the GC content in the human genome is not in
equilibrium and is still evolving. Similar results have also
been found for the mouse genome (Duret 2006).

It is the aim of this paper to investigate the stationarity
and time-reversal property of the nucleotide substitution
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process. We will introduce 2 sets of indices, the stationarity
indices (STIs) and the irreversibility indices (IRIs), which
can be calculated from the substitution frequencies along
one branch in a phylogenetic tree and the nucleotide com-
position at the node at its end. When nonzero, the indices
indicate violations of the basic assumptions mentioned
above. We first derive them for Markov models describing
the evolution of independent sites. This concept is then ex-
tended to models of evolution that also take into account
neighbor dependencies along the nucleotide sequence.

It is important to note that although other tests for statio-
narity and time reversibility have been proposed so far
(Saccone et al. 1990; Rzhetsky and Nei 1995; Eyre-Walker
1999; Ababneh et al. 2006) all of them operate on pairs of
sequences, which limits their power. For example, situations
where a sequence evolved under nonreversible conditions
might go undetected as pointed out by Ababneh et al.
(2006). Our analysis has the advantage that it tests for statio-
narity and time reversibility on just any single phylogenetic
branch connecting an ancestral node with a more recent one
(like, e.g., the branch from the human—chimp common ances-
tor to present-day human). To compute the indices, the rate
matrix has to be estimated using a procedure that does not
assume either the time reversibility or the stationarity of
the process. To do this, we need at least 3 present-day sequen-
ces. A recently developed maximum likelihood analysis can
then be employed to reconstruct the substitution frequencies
in each branch independently (Duret and Arndt 2008). The rel-
evant details of this method are also exposed in Appendix A.

In the Results, we will calculate the STIs and the IRIs
in Drosophila and in Primates to check whether the equi-
librium and time reversibility properties are granted. For
the human genome, we will also take into account the
CpG decay process and use an extended version of the IRI.

Methods

In the most general Markov model of DNA evolution
for a single site, there are 12 distinct substitution processes
taking place (Rodriguez et al. 1990). The rates of all these
processes, o.— [, will be denoted an, where greek letters
represent the nucleotides: A, C, G, or T. These rates mea-
sure the number of substitutions per base pair and per time
in a sufficiently small time interval such that multiple sub-
stitutions at the same position can be disregarded. For con-
venience, we write those rates into a 4 x 4 matrix, which
we call rate matrix, or generator of the process:

A C G T

QAC QAG QAT
QCG QCT
QGC QGT

Qe

QCA
QGA

Q2

(M

s Q Q =

Qe

The diagonal elements are fixed by the condition that
every column adds up to 0, that is, Qy,= — Eﬁ#a Qpo- The

time evolution for the probability, pp, to find a nucleotide B
is then given by the Master equation:

9 pp(0)= 3" Qpan 1) )

The solution to this equation with initial condition
p(o) = (pA(O)9 pC(O)’ pG(O)v pT(O))f is

pp(0) = ['p(0)] 3

The matrix exponential appearing in the preceding
equation is called the transition probability matrix of the
process for time interval :

P(t) =e'. (4)

The STIs

The stationary, or equilibrium, state of the process is
the probability distribution that does not evolve in time un-
der the evolution defined in equation (2). It is usually de-
noted as T = (Ta, Tc, TG, 1), and it can be calculated by
solving the following system of linear equations:

Qn=0. (5)

The easiest way to check whether the process is sta-
tionary or not is to define the following indices, which
quantify deviations of the present-day nucleotide composi-
tion, p, from the equilibrium one, m:

Aot = Py — Ty (6)

Due to the normalization constraint, only 3 of them are in-
dependent. If all of them are equal to zero, that is,
Ay= 0Va, then the process is in its stationary state.

It is important to note that checking for the equality of
the nucleotide distribution at different leaf nodes is not a
sufficient condition for equilibrium. As an example, all the
sequences in the tree could be evolving from a GC-rich state
to aGC-poorone with the same rate, in which case they would
show the same nucleotide composition even if they are not
in equilibrium. Our method does not have such inconvenien-
ces and quantifies equilibrium in the most precise way.

We can recast the conditions in a more insightful form
if we take independent linear combinations of the A, in
equation (6) and define:

STI; = Ac + AG = pgec — Toe
ST12 = AA — AT (7)
STI; = AC - AG,

which we call STIs. The first index is just the difference
between the actual GC content, pgc, and the equilibrium
GC content, ngc. The second and third equations are rem-
iniscent of the AT skew and GC skew indices. A system is
in its stationary state if all STIs vanish.

We further want to quantify whether deviations from
0 of the 3 indices are statistically significant when only



a finite amount of sequence data is available to measure the
present-day nucleotide distribution. To achieve this, we com-
pare the distribution of nucleotides, p,, of a sequence of
length N to the stationary distribution, 7, using a x~ test with

2

XZZNZ(p:x ; na) ) (8)

This quantity follows a % distribution with 3 degrees of free-
dom. Deviations from stationarity are significant (with 95%
confidence interval) if x> > 7.8147.

The IRIs

Having analyzed the conditions under which the nucle-
otide substitution process is in equilibrium, we now turn to the
analysis of time reversibility. We first note that a process can
be time reversible only if it is already in its equilibrium state
(Kelly 1979). From this follows that being out of equilibrium
automatically implies a nontime-reversible process. How-
ever, we can still ask (and answer) the question whether
the process will be time reversible once it will have reached
its equilibrium state. To this end, we will introduce the IRIs.

Time reversibility is usually defined through the so-
called detailed balance conditions:

QotBTCB = QBCXTEO( vo{‘a B € {A7 Ca GvT} (9)

This set of equations must hold if the process is time revers-
ible (Kelly 1979). Once the system has reached the station-
ary state, the flow of substitutions from nucleotide o to
nucleotide B must be equal to the one from nucleotide 3
to nucleotide o. An asymmetry in the 2 flows would define
adirection of time and hence break time-reversal symmetry.

Using detailed balance, one needs to check 6 different
equations. However, not all of them are independent and there-
fore we choose instead a different route, using an alternative
but equivalent formulation of time reversibility due to Kolmo-
gorov (1936). This leads to a simpler formulation and better
highlights the mathematical properties of time reversibility.

A Markov process satisfies the Kolmogorov 3-cycle
condition if the product of any 3 matrix elements of the gen-
erator satisfies the following equality:

QayQyBQﬁrx = Qu[}QB“{Qyot Vaa B7 Y € {A, Ca G, T}' (10)

The importance of the condition comes from the fact that if
it holds and if the process has strictly positive rates, as is the
case in the evolutionary process, then the process is time
reversible. The proof of this statement is presented in Ap-
pendix B. Also notable is the fact that, unlike detailed bal-
ance, the Kolmogorov condition does not make use of the
equilibrium distribution of the process.

The Independent Sites Case

In order to check in what case the Markov model de-
fined by equation (1) is also time reversible, we will use
Kolmogorov’s conditions. We have to consider equalities
for the four 3-cycle conditions shown in figure 1a. How-
ever, substituting the rate matrix into Kolmogorov condi-
tions, one can immediately check that if any 3 of the 4
conditions are fulfilled, then the fourth holds. That is, there
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FiG. 1.—All the possible nontrivial 3-cycles (a) and 4-cycles (b) for
a Markov model with 4 states.

T C

are only 3 independent 3-cycles, so in order to derive an IRI
we could single out 3 of the 4 possible 3-cycles. Instead, we
decided to check the equalities on 4-cycles, as there are only
3 nontrivial 4-cycles (see fig. 1), and they are all indepen-
dent. This approach is equivalent to the previous one as
shown in Appendix B. The process is time reversible if
the following conditions:

QaEQBVQVBQBu = QuBQﬁvQyBQSa (1 1)

hold for (a, B, v, 8) equal to (A, G, C, T), (A, G, T, C), and
(A, C,G, ).

It is then straightforward to construct indices out of
such equations just by taking the difference of both sides
and normalizing it by the sum. We end up with 3 IRIs:

- _ QacQcrQrcQca — Qacler@rclca

R = QacQcrQrclca + QacQcrQ1c@ca

IRL : = Qar@rcQoclca — QaclccQar@ra (12)
Qat1cQcclca + Qaclcclar@ra

IR : = QarQrclccQca — Qaclccler@ra

QarQrcQccQca + QacQccQerQra

The 3 IRIs will thus be comprised in the interval [—1, 1] and
will be simultaneously zero if and only if the system under
study evolves time reversibly.

We conclude this section noting that, as we already
pointed out in the introduction, evolutionary models tradi-
tionally used in the literature belong to a family of nested
models that originate from the so-called GTR model, which
assumes the following parameterization of the rate matrix:

A C G T

A amy bmy cmy
Cl ame dme eme
Qatr = (13)
G b’ﬂ'g dﬂ'g fﬂ'(;
T\ cmr emp frrp

The 4 ©’s appearing in this matrix define the equilibrium
distribution of nucleotides; only 3 of them are independent
because they are assumed to be normalized. It can easily be
checked by substitution of the parameterization (13) in
equation (12) that all 3 IRIs vanish for the GTR model,
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which therefore is indeed time reversible. The same is true
for all its nested submodels, which are mentioned in the In-
troduction. As expected, the GTR model has 9 free param-
eters. The 12-dimensional parameter space of the most
general model (1) is reduced by 3 dimensions because
equating the 3 IRIs to zero yields 3 conditions on the 12
parameters.

The RCS Case

We now consider a specialized version of the previous
model, the RCS model (Wu and Maeda 1987; Lobry 1995;
Sueoka 1995). It was originally introduced because it de-
scribes very well the evolution of neutrally evolving nucle-
otide sequences. In this case, the Watson—Crick base
coupling between the 2 DNA strands constrains the substi-
tution rates to be symmetric with respect to the transforma-
tion which exchange a base with its conjugate (e.g., (Qac
should be equal to (Jrg). It follows that the rate matrix
has the following form, with 6 parameters:

A C G T

A : Tac Tag TaT
C| 7er Tee  Ter
Qrcs = (14)
Ter  Tca Ter
T\ rar Tag Tac

In general, this model is not time reversible. It can be
easily checked that the equilibrium distribution has the form
(1 — Tegs e e, 1 — Tieg)/2 where

rgr + rer
rac + rac + rgr + rer

TcG = (15)

In this case, the STIs have the following simple form:

STI] - pGC — TGC
ST = psy — Pr
STI3 = pc — pg-

(16)

It is worth noting that in this case, STI, and STI; are the
unnormalized AT and GC skews. They depend only on
the nucleotide composition of the sequence and not on
the evolutionary rates. For RCS processes, it can be proven
that once these indices or skews vanish, they will stay sta-
tionary even if the rate matrix (Jrcs changes in time (Lobry
JR and Lobry C 1999). Therefore, the skews can equilibrate
even in the presence of RCS rate variations.

To derive an IRI for the RCS model, we substitute the
RCS parameterization in equation (12). We find that in this
case, we can check time reversibility with just one index:

IRI] - = r%\GréT _ riCr(Z:T

2

FAG’Gr — Fac’cr 17)
2 2 2 2 (
rac’Gr T Taclcr

because IRI, and IRI; are equal to zero.

The Case with Neighbor Dependencies

Neighbor dependencies play a significant role in the
evolution of vertebrate genomes (Arndt et al. 2003; Hwang
and Green 2004). In this case, it is favorable to take into
account the CpG decay process as shown in Arndt and
Hwa (2005). This is because in presence of methylation,
a CpG dinucleotide has an increased mutation rate to
a CpA dinucleotide due to the reaction described in
Coulondre et al. (1978). The formalism used for describing
the sequence evolution must then be appropriately generalized.

The configuration space of a nucleotide sequence of
length N is the Cartesian product of single nucleotide states,
having 4" possible configurations:

C=s1 X ... si={A,C,G,T}.

(18)

X SN,

The nucleotide substitution process in this space will
then be described by a 4V x 4" rate matrix, which we as-
sume to have the following form:

Q= ZQk + X_:Q?/ﬁl

k=1 k=1

(19)

The first sum represents independent nucleotide evo-
lution and is a sum of tensor products of matrices:

0 =I®..IQRI®... 1.
k—1 N—k

(20)

Where Listhe 4 x 4 identity matrix and () is given in equa-
tion (1). In the rest of this section, we will use the RCS pa-
rameterization for () (see eq. 14). The second sum in
equation (19) represents nearest neighbor dependencies
and has the following form:

QZ}?I?H:,I[®~-.®]I®QCPG®]I®..‘®]I. @1

k—1 N—k—1
QCPG is a 16 x 16 matrix that model transitions on

dinucleotides. In order to include the CpG decay in the
model, we parameterize it as follows:

TepG if (' ap) = (CACG) or (o' B ap) = (TG CG)
o —2rgpg if (' o) = (CGCG)
QY= ™ if (4B aB) = (CGCA)or («'B ap) = (CGTG),
—riS if (o' ap) = (CACA)or (o'B aB) = (TGTG)
otherwise,

(22)

where r¢pg is the rate of CpG decay substitutions CG — CA
and CG — TG and r¢ is the rate of the corresponding back
substitutions. This way we constructed a 4" x 4" rate ma-
trix O, whereas the corresponding transition probability
matrix P=exp @ is computed by matrix exponentiation.
In practice, one will only need to handle such matrices
for N < 3 (for more details, see Appendix A).

To check for the time reversibility of this model of
evolution, we should in principle check the Kolmogorov
conditions for cycles with vertices in C. However, the



generator of the dynamics (22) permits only single nucle-
otide changes at a time and any cycle factorizes and can be
decomposed into cycles changing only one site. Therefore,
it is sufficient to check Kolmogorov conditions on single
nucleotide 3-cycles like we did before, leading to the
IRI; for the RCS model. In addition to that one has to con-
sider the particular configuration in which a C is followed
by a G in the sequence. One example is the 3-cycle
CG — CA — CT—CQG. In this case, the factorization is still
possible, but it is necessary to add to the total rate the con-
tribution that comes from the CpG deamination process. In
summary, there are then 2 IRIs for a process with neighbor
dependencies:

_ TAGT&T — Tacler
2

IRI, : = ~Ac’6r — "ac’cr
2 2 2 2
FaclGr T Tacler

(23)

2 (. 2 . ; 22
_ rgr(rac + reps)” — (rer + ’rceg(}) TaC
IRICpgi = 5

ré&r (”AG + "CPG)Z + (r cr + 7 rCegG)erC
(24)

Note that, as expected, in the absence of neighbor-
dependent processes, we have IRI; = IRIcp.

Results

In this section, we want to apply our theoretical frame-
work and check whether evolutionary nucleotide substitu-
tion processes are in equilibrium and time reversible or
not. We will perform this analysis first in flies. In order
to measure the STIs and IRIs, it is necessary to estimate
the underlying substitution frequencies without assuming
time reversibility or stationarity of the evolutionary process.
This can be done using a maximum likelihood approach
if one has multiple alignments with at least 2 other
species available (see Appendix A and Duret and Arndt
2008).

An important feature of the method is that it provides
rates for almost all single branches of the phylogenetic tree.
This is an advance with respect to the preexisting ap-
proaches to the problem that assess stationarity and revers-
ibility for the tree as a whole or as a function of pairs of
sequences. The method can further be extended to also in-
clude neighbor dependencies, which is important for the
analysis of time reversibility in the human lineage discussed
in the second part of this section.

Quantification of Stationarity and Reversibility in Fly

We first measure the STIs and the IRI; for the Drosoph-
ila simulans lineage from the time of the split with Drosophila
sechellia until the current time, using Drosophila mela-
nogaster as the outgroup. Whole-genome alignments of
the species are freely available on the Internet (Stark et al.
2007). The genomic sequences have been split into 539 tiles
corresponding to 50-kbp long nonoverlapping windows
along the Drosophila chromosomes. We disregarded all gaps
and masked the regions that were annotated as coding se-
quence in the Ensembl database (Hubbard et al. 2006).
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Fic. 2—The distribution of the STI;, STI,, and STI; in the
Drosophila simulans genome. Means and standard deviations are
STI; = 0.007 + 0.034, STI, = 0.000 = 0.011, and STI; = 0.000 *
0.004.

The remaining nucleotides can be regarded to evolve inde-
pendently from each other and without any significant con-
tribution from the CpG decay process (Arndt and Hwa 2005).

We estimate in each of the 50-kbp windows all 6 free
parameters of the RCS model in the D. simulans branch.
From the inferred substitution rates in each fragment, we
have calculated the values of the STIs, thus obtaining
the statistical distribution of the indices along the D. sim-
ulans genome (see fig. 2). The finite variance in the distri-
bution of the indices arises as a statistical effect because we
are analyzing finite length sequences in each window and
each of them is a realization of a Markov process.

To count how many windows can be assumed to be
out of equilibrium, we use the > test mentioned in the
Methods. Because multiple independent tests are per-
formed, we have applied an appropriate Bonferroni correc-
tion, dividing the statistical significance level by the total
number of windows. The test accepts the hypothesis of sta-
tionarity in only 82 windows and rejects it in 457.

Because the majority of tiles is not in the stationary
state, we also analyzed the distribution of the IRI; index.
The results are summarized in figure 3. We do not present
a closed form for the distribution of the IRI; in the null case
(time reversibility), but the simplicity of the index allowed
us to simulate the distribution with little effort. From each
window’s inferred rate matrix, we constructed an approx-
imated version of the original one with the added property
of time reversibility. The construction method uses the fact
that any rate matrix (), with equilibrium distribution =, can
be written in the following way:

T 0 0 0 . F, F, F,

_ |0 w0 o Fn - Fy F,
QEDME=10o o a0 Fy F, - F,
0 0 0 m/) \F, F. F, -

(25)
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Fi. 3.—The distribution of the IRI in the Drosophila simulans
genome alongside with the distribution of the IRI for the null model.
Means and standard deviations are IRI; = —0.204 £ 0.208 for D.
simulans and IRI; = 0.002 + 0.197 for the null model.

for a suitably chosen matrix F. The dotted elements are
again constrained by the fact that the sum of the elements
in a column of the rate matrix must be zero,
TEuFWZ — Zﬁ;ﬁa Tl',ﬁFﬁa.

We now substitute F with its symmetrized version and
obtain a time-reversible generator () with the following
off-diagonal elements:

A F+ F*
Qap = Ta {— ; (26)
2
ap
whereas the diagonal elements are defined as

Dot Q@B' This generator still has 7 as equilib-

QOLOL: -
rium distribution.

We have used the symmetrized rate matrix to evolve
the present-day D. simulans sequences contained in each
window. We made this in order to simulate evolution under
a time-reversible model. We could have used the inferred
ancestral sechellia—simulans sequence as starting point of
the evolution, but because ancestral and present-day se-
quences have about 13 mismatches per 1,000 bases, this
approximation does not affect the following results in
any way.

We have then used the RCS model to estimate again
the rates, comparing present-day sequences and their
evolved counterparts. As a result, we got a second IRI; dis-
tribution that we have used as null distribution, calling it
IRInu. The plot is shown in figure 3, and as expected, it
is centered in zero.

We performed a 2-sample #-test to test the null hypoth-
esis that the distributions of IRI; and IRIy,; have the same
mean. The extremely low P value of 10~ "> shows that there
is strong evidence against the null hypothesis. In other
words, the process is not reversible even when the equilib-
rium distribution is reached.

Quantification of Stationarity and Reversibility in the
Human Lineage

As a further example, we have measured the STI and
IRI for the Homo sapiens lineage using a triple alignment of
H. sapiens, Pan troglodytes, and Macaca mulatta as an out-
group. Whole-genome DNA alignments of these species are
available from the Ensembl Web site (Hubbard et al. 2006).

Like in the previous case, we have removed all coding
regions and all gaps using Ensembl as a source of annota-
tions. We have split the genome in 2,413 windows of 1-
Mbp size. For the analysis of nucleotide substitutions in
vertebrates, we have to include neighbor dependencies
due to the CpG deamination process and have to use the
extended model introduced before.

Distributions of the STIs are shown in figure. A % test
like the one used above for flies accepts the stationarity hy-
pothesis in only 17 tiles and rejects it in 2,396 tiles. Note
that we should in principle also check whether the dinucle-
otide distribution is stationary. However, because the re-
sults show that in the vast majority of tiles already
single nucleotides are out of equilibrium, we disregard such
an analysis here.

For analyzing time reversibility, it is necessary to use
the 2 indices IRI; and IRI¢pg introduced in the last part of
the Methods. The resulting plots and statistics are shown in
figure 5. The same #-test discussed in the previous section
for the equality of the means of IRI; and IRIy, also gives
a P value smaller than 10~ '5. The IRIyyn distribution in this
case has a smaller variance than the IRI; distribution. This
is because in addition to the variance introduced by finite
sequence length, as discussed for Drosophila, in the human
genome, one finds an intrinsic variation in rates due to its
structured nature (Arndt et al. 2005). Time symmetrizing
the matrix reduces the dimension of the parameter space
and as a consequence reduces heterogeneity in the rates,
thus reducing total variance of the IRI; in the null model.

Conclusion

In this paper, we have rigorously analyzed whether the
hypotheses of stationarity and time reversibility for the evo-
Iution of DNA nucleotide sequences hold. To this end, we
have introduced the STIs, which compare the current nucle-
otide distribution to the stationary one, and the IRIs, which
are based on the Kolmogorov cycle conditions for the time
reversibility of a Markov process.

We derived explicit expressions of the indices for the
general 12-parameter model of nucleotide evolution with
independent sites. It is interesting to note that assuming
time reversibility, which amounts to setting the IRIs to zero,
defines a 9-dimensional submanifold of the 12-dimensional
space of all possible models. This manifold is the one
spanned by the GTR model and its nested submodels.

As a special case of the previous one, we analyzed
RCS models. This particular parameterization arises in
a natural way when describing the evolution of neutrally
evolving sequences. In this case, it turns out that both
STI and IRI have a simpler form. In particular, one needs
only one index, IRI;, in order to test time reversibility.
So, imposing the constraint of time reversibility restricts
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the space of models to a 5-dimensional manifold in the
6-dimensional space of all the possible RCS models. We
have successively extended the scope of our study to an evo-
lutionary model that takes into account the CpG decay pro-
cess, the predominant substitution process in vertebrates.

This approach is complementary to the one using
a likelihood ratio test, and it has the advantage that it simul-
taneously assesses stationarity and time reversibility for all
branches of a given phylogeny once the rate matrices have
been estimated. On the contrary, a likelihood ratio test re-
quires a comparison of different hypotheses on different
branches and a new estimation of the parameters for each
of them. When testing for all combinations, the number of
likelihood ratio tests required grows exponentially with the
number of branches in the phylogeny.

As an application of the theory, we have measured the
STI and IRI in 2 different species lineages, D. simulans and
H. sapiens. Using a sliding-window analysis and the max-
imum likelihood estimation method, we have derived the
distributions of STI and IRI; for Drosophila and of STI,
IRI,;, and IRI¢p for human. In both cases, we find statis-
tically significant deviations from equilibrium and time re-
versibility. In D. simulans, the values of STI and IRI,; are
close to zero, suggesting that it is legitimate to use a time-
reversible Markov model in bioinformatics algorithms, for
instance in those used for phylogenetic reconstruction.
However, in the human lineage, we find substantial devia-
tions from equilibrium and time reversibility due to
the CpG methylation deamination process, in particular
IRI¢pg ~ 1. In this case, the lack of equilibrium and time
reversibility is an important feature of the probabilistic
model and consequently should not be disregarded.

Appendix A
Rate Estimation using Maximum Likelihood

To calculate the IRI for nucleotide substitution of
a species, we need to estimate the substitution rates QuB
along each branch in a given phylogeny in a manner that
does not assume time reversibility or stationarity. This
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can be accomplished if we have available DNA sequence
alignments with at least 2 other species (Duret and Arndt
2008). Pairwise DNA alignments with a second contempo-
rary (sister) species do not suffice because a base mismatch
cannot be unambiguously attributed to 1 of the 2 lineages.
This ambiguity does not occur if one uses a triple alignment
with an additional third (outgroup) species. In this case, one
is able reconstruct the DNA sequence of the last common
ancestor of the 2 sister species using maximum likelihood
methods. At the same time, this method allows to estimate
the substitution frequencies along the branch from the last
common ancestor to the sister species. The advantage for
our study is that this can be done without making any as-
sumptions on the time reversibility or stationarity of the nu-
cleotide substitution process.

In the following, we first introduce the necessary
framework to compute the substitution frequencies from
given alignments in cases where nucleotide substitution
can be assumed to be neighbor independent, as it is true
in flies (Arndt and Hwa 2005). Later, we will extend this
method and include neighbor dependencies, which will en-
able us to study substitutions in vertebrates.

Neighbor-Independent Substitutions

For a given triple alignment g of nucleotide sequences
from 3 species, i = 1, 2, 3, let oy denote the respective
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FiG. 6.—The phylogeny of 2 sister species with 1 outgroup species.

The numbers next to nodes are used in the text to refer to particular nodes
and edges.
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homologous nucleotides at position k=1, ..., N, where we
disregarded all gapped sites. We assume that species num-
ber 3 is the outgroup species to the sister species 1 and 2
(see fig. 6). If nucleotide substitution in the 3 species can be
assumed to be neighbor independent, then the likelihood of
the alignment for given substitution models factorizes and
is given by

L= I 0% P L [P [P [PV

ko0 ot
(27)

where the product runs over all alignment positions and the
sums have to be taken over all nucleotides, o°, o* € {A, C,
G, T}. The vector p° represents the ancestral nucleotide dis-
tribution at the root node, and the matrices P are the tran-
sition probability matrices for the time evolution along the
branches from species i to species j. The species number
i = 0 refers to the root and i = 4 to the node representing
the last common ancestor of the 2 sister species (see fig. 4).
These transition probability matrices are parameterized by
sets of the substitution frequencies, that is, matrix elements
in the corresponding (' matrix, and calculated from them
by matrix exponentiation (see eq. 4). We set the length of
the time interval ¢ in each branch to be 1. The inferred sub-
stitution frequencies will therefore represent the nucleotide
substitution frequencies along the respective branch. This
choice of the time unit gives exactly the same results as
those obtained with a more standard approach which nor-
malizes that rate matrices such that one branch length unit
corresponds to one expected substitution per site. Only
the products ()t appear in all expressions and in both cases,
the matrix elements [P/ B [exp(Q7't)] 5 give the prob-
abilities for a nucleotide substitution o.— 3 along a branch
from i to j. An equivalent expression for the likelihood was
already given by Felsenstein (1981). However, note that the
“pulley principle” (Felsenstein 1981) cannot be applied be-
cause we consider also irreversible substitution models
along the branches of the phylogeny. The computation
of the likelihood by “pruning” (Felsenstein 1981) is still
possible and allows the effective summation over all con-
figurations of internal nodes. )
Please note that we permit different matrices ()" along
the individual branches in the phylogeny. In the most gen-
eral case, the likelihood depends on the 4 (=number of
branches) x 12 (=number of parameters along each
branch) = 48 substitution frequencies describing the time
evolution on each branch and 3 additional parameters for
the nucleotide distribution at the root node p°. In case of
a reverse complement substitution model, we need only
6 parameters along each branch (see eq. 14), and the total
number of parameters is 4 X 6 + 3 = 27. For given mul-
tiple alignments, it is easy to find the maximum of the likeli-
hood in the 27 dimensional parameter space using the
Powell algorithm (Press et al. 1992). Note that the position
of the maximum is not unique in the whole parameter space
reflecting the fact that the position of the root node cannot
be fixed along the 2 branches connected to it (Chang 1996).
However, projected onto the subspace parameterizing the
substitution models in the 2 sister species, the maximum

is unique and therefore these parameters can be estimated
correctly by the maximum likelihood method. Conse-
quently, we use only these parameters in our studies.

Neighbor-Dependent Substitutions

For the modeling of substitutions in vertebrates, it is
necessary to include the neighbor-dependent CpG methyl-
ation deamination process that triggers the substitution of
cytosine in CpG resulting in TpG or CpA. To have a poten-
tially time-reversible model, we also include the backward
processes that mutate CpA or TpG to CpG’s again. Unfor-
tunately, with these neighbor dependencies, the likelihood
function does not factorize and is given by

L= Z pg” [PSO] & [P40] '’ [P24]a2a4

a4

P

124
o ol

(28)

Here p?, denotes the probability to have & € C as the
ancestral sequence. The sums in this expression have to
be taken over all configurations of sequences at the root
&° and the internal node 5. The matrices P/’ are 4" x 4"
dimensional transition probability matrices describing the
evolution of a sequence &' to & along the branch from
ito].

In the following, we will assume that the time dynam-
ics is given by neighbor-independent nucleotide substitu-
tions and nearest neighbor-dependent substitutions only.
The corresponding generator is given in equation (19).
The transition probability matrix is then P/=exp(1Q").
Without loss of generality, we again set t = 1.

To maximize the likelihood in equation (28), we intro-
duce a mixed Monte Carlo maximum likelihood (MCML)
approach, which combines elements of the 2 methods in
a very efficient way: In an iterative fashion, we will first
(M-step) estimate the substitution frequencies for a given
ancestral sequence at internal nodes (using a maximum
likelihood approach) and then (E-step) get a new estimate
for the sequence at internal nodes for given the substitution
frequencies (using a Monte Carlo approach). This algorithm
actually falls into the class of stochastic expectation—
maximization (EM) algorithms (McLachlan and Krishnan
1997).

The iteration is initialized setting the sequences at the
internal nodes to be the consensus of all its descendant se-
quences. If nucleotides at one position are not equal in all
descendant sequences, one of them is chosen at random.
Initializing with a random sequence prolongs but not pre-
vents the convergence of the algorithm to the maximum.

In the M-step, the substitution frequencies (including
those for neighbor-dependent processes) are estimated from
comparisons of ancestral and daughter sequences as de-
scribed by Arndt and Hwa (2005). Their method uses a max-
imum likelihood approach, which accounts for multiple and
back substitutions at the same site, and estimates very ac-
curately the substitution frequencies. This approach also ad-
mits to include neighbor-dependent processes as the CpG
effect and its back mutations.

In the E-step then, we update the ancestral sequences
at the internal nodes. To do this, we make use of a Monte



Carlo procedure. We first consider the internal sequence at,
For each position k=1,...,N, we propose to update the
nucleotide o by another nucleotide ;. The newly pro-
posed nucleotide is accepted with some probability, which
is computed using a local likelihood:

4( 4
Lo oot = P4 o 4 0,40
k=17 +1 of ooy o ofey (29)
Pl4 P2
alal ot otod o ool ot oot 0
%1% %t %1 %% %t %1% %1 %1% %

where the probabilities P’ B, B 0100008 of substitutions of 3
consecutive nucleotides oclcxzcx3 on node i to BPZB3 on
node j are given as matrix element of the 43 %X 4 dimen-
sional transition probability matrix P/ —ppr’ describing
the time evolution on N = 3 sites with @" given by equation
(19). The substitution frequencies along each branch, which
fix the corresponding matrices Q’ are taken from the esti-
mates in the previous M-step. An update ozk - O(,\ is always
accepted if the likelihood increases, that is, if the likelihood
ratio

=L o fod).

10 O 4 1)/L4 (O‘k— 19 %k 11
is larger than one. If this ratio is smaller than one, the substi-
tution is accepted with probability A. In this case, the (local)
likelihood is decreased in order to increase the (global) likeli-
hood in the following M-step.

After the entire internal sequence atis updated, the
sequence on the root node & is updated in a similar fashion.
Only the definition of the local hkehhood dlffers and now
involves the trinucleotide distribution p (oz 1o 201 3) of the
ancestral sequence &

(30)

0(~0 04,0 — 0(~0 0.0
L (O‘k— ool ) = P00 ooy, ) x
3 (31)
4 0,0 0,0 -+
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The trinucleotide distribution is assumed to be homoge-
neous along the sequence and is estimated from N right
before starting with the E-step. The transition probabilities
are defined as above; the substitution frequencies are given
from the estimates in M-step.

This 2 E-and M-step iteration is performed several times
until convergence of all the substltutlon frequenc1es and
the trinucleotide distribution p (a lu 50l 3) is established.
In our applications, this happens after about 40 iterations.

By the virtue of the Monte Carlo step, we allow that
ancestral sites might not be in their most likely ancestral
state. This is done by intention because such situations
can actually be observed for sufficiently long sequences.
The Monte Carlo step introduces such configurations into
the ancestral sequence in as much as they are expected to
occur with regard to the substitution model. This is crucial
for the accurate estimation of substitution frequencies and
ancestral single and dinucleotide frequencies. Note that
while the number of those sites that are not in their most
likely state is given by the substitution models, their posi-
tions are not uniquely defined. Therefore, the ancestral se-
quence is one representative out of the set of sequences that
maximize the likelihood. Although for a general EM algo-
rithm one would require to take the expectation over all pos-
sible ancestral sequences (or a sample of those for a Monte
Carlo EM algorithm), we rely here on only one represen-
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Table 1
Comparison of Different Models of Nucleotide Substitutions
for Drosophila simulans

Model Log L AIC

RCS —88579.26 (2) 177212.52 (1)
12-parameter —88570.44 (1) 177242.88 (2)
HKY85 —88612.49 (4) 177246.97 (3)
GTR —88602.97 (3) 177259.93 (4)
K80 —88647.21 (5) 177316.43 (5)
JC69 —88776.99 (6) 177567.97 (6)

Note.—For each model, we report the mean log likelihood, log L, as well as
the mean value of the AIC = 2p — 2 log L, where p is the number of parameters of
the respective models on the phylogenetic tree. Means are taken over the 539
windows used in the main text. Numbers in brackets report the rank of the
corresponding model when sorted by decreasing log L or increasing AIC.

tative ancestral sequence. This is possible because the av-
erage over all positions along the sequence offer an implicit
equivalent of the expectation. If only little amounts of se-
quence data are available, a sampling over different reali-
zation of ancestral sequences can easily be incorporated
into the MCML approach.

As mentioned above for the neighbor-independent
case, the substitution frequencies of edges connected to
the root and the trinucleotide distribution of the ancestral
sequence 5" cannot be reconstructed. However, the substi-
tution frequencies in the 2 branches for the 2 sister species
as well as the nucleotide distribution in the last common
ancestor of the 2 sister species are not affected by this am-
biguity. For more details and numerical verification of this
approach, see Duret and Arndt (2008).

After maximizing the likelihood of a model for given
data, the value of the likelihood can also be used to judge
whether the use of particular parameterizations is indicated.
We performed such a study for the fly data set. A compar-
ison of the RCS model and the GTR model, both of which
have 6 free parameters along each branch, came out in favor
of the RCS model. Models with more parameters (like the
one in eq. 1 with 12 independent parameters) or less param-
eters (like the HK'Y85 or JC69 model) compared less favor-
able with the RCS model when taking into account the total
numbers of parameters using the Akaike information crite-
rion (AIC) (see table 1).

Appendix B

In this appendix, we prove some propositions about
the Kolmogorov condition for time reversibility. First of
all, we state it for a general Markov process with configu-
ration space C and transition matrix (). Equivalent expres-
sions hold also for the transition probability matrix
P(#)=exp Qt, which is used in other approaches to evolu-
tionary Markov processes (Barry and Hartigan 1987;
Jayaswal et al. 2005).

Definition 1. A Markov process is said to satisfy Kolmo-
gorov cycle condition if the following equality on genera-
tors holds:

Qivi, Qi - - - 1, €C.

(32)

ngtl_Q’leg o Ql,,,]t”,Qz”z]vzlv ceey
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The importance of Kolmogorov condition stems from
the fact that it can be used to test the reversibility of the
process, as proven in the following:

Proposition 1. An ergodic Markov process that satisfies
Kolmogorov condition is time reversible.

For the proof, see Kelly (1979). Furthermore, the fol-
lowing holds:

Proposition 2. If the coefficients of the rate matrix are
strictly positive, and if Kolmogorov conditions hold for
3-cycles, then they hold for cycles of arbitrary length.

Proof. By induction. It holds trivially for 2 cycles, and
it holds by hypothesis for 3-cycles. Then let’s show that if it
holds for n-cycles, then it is also valid for (n + 1) cycles.
Let’s assume we want to test whether the equality still holds
for a chain that has element i, , | inserted between element
i, and element 7. We multiply both sides by the following

factor (Qini. Qiyins, Qi i ) , obtaining

(Qii, Qi Qi i) Qii, Qi - - - Qi
=Qii, -+ Qi i, Qi (Qii, Qi Qi i)

which after applying Kolmogorov condition for 3-cycles
and simplifying leads to

Q7/171n+1 an+17/n Q’vﬂ/n—) et Q12711 _Q7'11’2' t an—1177,QZ17/71+1Q7/71+17/H .

(33)

So that the equality holds for (n + 1)-cycles and the prop-
osition is proven.

We now restrict ourselves to a Markov process with
only 4 states A, C, G, T and prove the following:
Proposition 3. Given a 4 states Markov process with
strictly positive rate matrix coefficients, if the conditions:

QuSQSyQyBQBa = QaBQﬁyQy&Q&x (35)

hold for (a, B, v, 0) equal to (A, G, C, T), (A, G, T, C), and
(A, C,G,T) (see fig. 1b), then Kolmogorov conditions hold
for 3-cycles.

Proof. It suffices to multiply the generators for the 4-
cycles:

(QaTQTcQccQaa ) QarQ16QacQca ) QacQerQ1cQaca)
=QacQccQctQTA)QAcQccQorQTA)QAacQcT@TcQch)-

(36)

Simplifying both sides and squaring, we get the equiv-
alence for 1 of the 3-cycles:

QcaQar@tc = Qor@rAQAG- (37)

It can be easily seen that exchanging factors between
left and right hand side, the remaining 3-cycles can be
obtained.
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